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This work is concerned with the wave propagation and their reﬂection and transmission from a plane interface between
two diﬀerent electro-microelastic solid half-spaces in perfect contact. It is found that there exist ﬁve basic waves in an inﬁ-
nite electro-microelastic solid, namely an independent longitudinal micro-rotational wave, two sets of coupled longitudinal
waves inﬂuenced by the electric eﬀect, and two sets of coupled transverse waves. The existence of the two sets of coupled
longitudinal waves is new. In the absence of microstretch and electric eﬀects, these two coupled longitudinal waves reduce
to a longitudinal displacement wave of micropolar elasticity. Amplitude and energy ratios of various reﬂected and trans-
mitted waves are presented when (i) a set of coupled longitudinal wave is made incident and (ii) a set of coupled transverse
wave is made incident. Numerical computations have been performed for a particular model and the variations of ampli-
tude and energy ratios are obtained against the angle of incidence. The results obtained are depicted graphically. It has
been veriﬁed that the sum of energy ratios is equal to unity at the interface and the amplitude ratios of reﬂected and trans-
mitted waves depend upon the angle of incidence, frequency and elastic properties of the media. Results of some earlier
workers have also been reduced from the present formulation.
 2006 Elsevier Ltd. All rights reserved.
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The linear theory of micropolar elasticity developed by Eringen (1966) is well known and does not need
much introduction. In this theory, the motion in a body is described by six degrees of freedom, three of trans-
lation and three of rotation. The interactions across a surface element between two parts of a micropolar body
is transmitted not only by a force vector but also by a couple resulting in asymmetric force stress tensor and
couple stress tensor. Diﬀerent problems of waves and vibrations in micropolar elastic media have been inves-
tigated by various researchers. Some notable are Parﬁtt and Eringen (1969), Nowacki and Nowacki (1969),
Ariman (1972), Tomar and Gogna (1995a,b) and Tomar et al. (1998) among several others.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.10.018
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generalization of the theory of micropolar elasticity. Microstretch elastic solids are the solids in which the
material particles can undergo expansion and contraction (stretches), in addition to the translation and rota-
tion. Thus, the motion in a microstretch elastic body is characterized by seven degrees of freedom. Recently,
Tomar and Garg (2005) investigated the wave propagation and reﬂection/transmission of plane waves at a
plane interface between two diﬀerent microstretch elastic solid half-spaces.
Eringen (2004) has further extended his theory of thermo-microstretch elastic solids (Eringen, 1990) to
include the electromagnetic interactions and termed it as electromagnetic theory of microstretch elasticity.
These materials include animal bones and nano-materials. Books on microcontinuum and electrodynamic the-
ories (Eringen, 1999; Eringen and Maugin, 1990) are excellent monographs on this pertinent area of research.
In the present work, we have studied the possibility of wave propagation in an inﬁnite electro-microelastic
solid. The reﬂection/transmission phenomena at a plane interface between two diﬀerent electro-microelastic
solid half-spaces in perfect contact are also investigated when (i) a set of coupled longitudinal wave is incident
and (ii) a set of coupled transverse wave is incident. It is found that there exist ﬁve basic waves in an inﬁnite
electro-microelastic solid, namely an independent longitudinal micro-rotational wave, two sets of coupled lon-
gitudinal waves having the electric eﬀect, and two sets of coupled transverse waves. The amplitude ratios and
energy ratios of various reﬂected and refracted waves are computed numerically for a speciﬁc model and their
variations with angle of incidence are presented graphically. The variations of various amplitude ratios with
frequency of the incident wave striking at a particular angle of incidence are also depicted graphically. The
problems of Tomar and Gogna (1995a,b) and Tomar and Garg (2005) have been reduced as limiting cases
of the present formulation.
2. Basic relations and equations
Eringen (2004) has introduced electromagnetic ﬁelds in the continuum theory of microstretch elasticity. He
presented constitutive relations and equations of motion for isotropic thermo-microstretch elastic solids sub-
jected to electro-magnetic ﬁelds. In the absence of magnetic ﬂux vector and thermal eﬀect, the microstretch
continuum will be subjected only to electric ﬁeld. We shall call such continuum material as electro-microelastic
solid. Thus, neglecting B and T from Eq. (6.4) of Eringen (2004), the constitutive relations for electro-micro-
elastic solid medium are given bytkl ¼ ðk0wþ kur;rÞdkl þ lðuk;l þ ul;kÞ þ Kðul;k  klrUrÞ; ð1Þ
mkl ¼ aUr;rdkl þ bUk;l þ cUl;k þ b0lkmU;m; ð2Þ
mk ¼ a0w;k þ k2Ek  b0klmUl;m; ð3Þ
Dk ¼ ð1þ vEÞEk þ k3lmkUl;m þ k2w;k; ð4Þwhere tkl is the force stress tensor, mkl is the couple stress tensor, mk is the microstretch vector and Dk is the
dielectric displacement vector; k and l are Lame’s constants; K, a, b and c are micropolar constants; b0, k0 and
a0 are microstretch constants; v
E is the dielectric susceptibility, k3 and k2 are the coupling constants for micro-
rotation-dielectric and microstretch-dielectric eﬀects respectively; uk and Uk are the displacement and micro-
rotation vectors respectively; w is a scalar microstretch and Ek is the electric ﬁeld vector.
In the absence of body force density, body couple density, body microstretch force density and ignoring the
current vector J and the volume charge density qe, the ﬁeld equations under Section 7 of Eringen (2004) for an
isotropic and homogeneous electro-microelastic solid medium are given byðc21 þ c23Þrr  u ðc22 þ c23Þr r uþ c23rUþ k0rw ¼ €u; ð5Þ
ðc24 þ c25Þrr U c24rrUþ x20r u 2x20U ¼ €U; ð6Þ
c26r2w c27w c28r  uþ c29r  E ¼ €w; ð7Þ
r D ¼ 0; ð8Þ
r  E ¼ 0; ð9Þ
A. Khurana, S.K. Tomar / International Journal of Solids and Structures 44 (2007) 3773–3795 3775where c21 ¼ ðkþ 2lÞ=q, c22 ¼ l=q, c23 ¼ K=q, c24 ¼ c=qj, c25 ¼ ðaþ bÞ=qj, c26 ¼ 2a0=qj0, c27 ¼ 2k1=3qj0,
c28 ¼ 2k0=3qj0, c29 ¼ 2k2=qj0, x20 ¼ c23=j, k0 ¼ k0=q, k1 is the microstretch constant, q is the density of the medi-
um, j and j0 are constants. The superposed dots on the right-hand sides of Eqs. (5)–(7) represent the double
temporal derivative. It can be seen from Eqs. (5)–(9) that the coeﬃcients b0 and k3 do not contribute to the
ﬁeld equations. Therefore, we shall drop the terms containing these coeﬃcients from the expressions of mkl,
mk and Dk in the subsequent analysis. The reason of dropping the coeﬃcient b0 can be seen in Eringen (1990).
The inequalities among the material moduli which are necessary and suﬃcient conditions to make the strain
energy density non-negative are (Eringen, 1999)3kþ 2lþ K P 3k
2
0
k1
; 2lþ K P 0; K P 0; 3aþ bþ cP 0;
cP bP c; a0 P 0; k1 P 0; vE P 0:
Introducing the scalar potentials q, n and ; the vector potentials U and P, as follows:u  rqþrU; U  rnþrP; E  r; r U ¼ r P ¼ 0; ð10Þ
and inserting them into Eqs. (5)–(9), we obtainðc21 þ c23Þr2qþ k0w ¼ €q; ð11Þ
ðc26  c210Þr2w c27w c28r2q ¼ €w; ð12Þ
ðc22 þ c23Þr2Uþ c23rP ¼ €U; ð13Þ
c24r2P 2x20Pþ x20rU ¼ €P; ð14Þ
ðc24 þ c25Þr2n 2x20n ¼ €n; ð15Þ
r2 ¼ k2
1þ vE r
2w; ð16Þwhere c210 ¼ 2k
2
2
qj0ð1þvEÞ and other symbols are deﬁned earlier. It can be noticed that
(a) Eqs. (11) and (12) are coupled in scalar potentials q and w,
(b) Eqs. (13) and (14) are coupled in vector potentials U and P,
(c) Eq. (15) is uncoupled in scalar potential n, and
(d) Eq. (16) is coupled in scalar potentials  and w.
3. Wave propagation
We consider the following form of plane waves traveling in the positive direction of a unit vector n asfq;w;U;Pg ¼ fa1; b1;A0;B0g expfikðn  r VtÞg; ð17Þ
where a1 and b1 are complex constants; A0, B0 may be complex constant vectors, V is the phase velocity, r
is the position vector and k is the wavenumber having the deﬁnition that x = kV; x being the circular
frequency. Inserting the expressions of q and w from (17) into Eqs. (11) and (12) and then eliminating
a1 and b1, we obtainAV 4  BV 2 þ C ¼ 0; ð18Þwhere A ¼ 1 k1X
3K
j
j0
 
, B ¼ c21 þ c23  k0k0k1
 
Aþ c26  c210 þ k0k0k1 , C ¼ c21 þ c23
 
c26  c210
 
, and X ¼ 2x20x2 . Eq. (18) is
quadratic in V2 and its roots are given byV 21;2 ¼
1
2A
B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
ph i
; ð19Þwhere the ‘+’ sign in the expression of Eq. (19) corresponds to V 21 and ‘’ sign corresponds to V 22.
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relationb1 ¼ fa1; ð20Þ
where f ¼ x2
k0
c2
1
þc2
3
V 2
 1
h i
is the coupling parameter between q and w.
Now, using the expressions of q and w from (17) into (10)1, the displacement vector u can be obtained asu ¼ ika1n expfikðn  r VtÞg: ð21Þ
This shows that the vector u is parallel to the vector n. Thus, the displacement of the wave associated with q is
in the direction of propagation of the wave, therefore this wave is longitudinal in nature and may be called as
longitudinal displacement wave. Owing to the relations (20) and (21), we see that the waves associated with w
is also longitudinal in nature and may be called as longitudinal microstretch wave. Since these waves are cou-
pled, so we shall call them coupled longitudinal waves. Thus, there exist two coupled longitudinal waves con-
sisting of a longitudinal displacement wave and a longitudinal microstretch wave. It can be seen that the
velocities V1,2 depend on dielectric susceptibility v
E and the coupling constant for microstretch-dielectric eﬀect
k2. Therefore, both the coupled longitudinal waves propagating with velocities V1,2 are inﬂuenced by the elec-
tric eﬀect.
When the constants corresponding to electric and microstretch eﬀects vanish, then from Eq. (19) we obtain,
V 21 ¼ ðkþ 2lþ KÞ=q and V 22 ¼ 0. This means that the waves corresponding to q and w are no longer coupled
and the wave corresponding to microstretch would disappear in the absence of microstretch and electric
eﬀects. Thus, the longitudinal displacement wave of micropolar elasticity is recovered in this limiting case.
Furthermore, it can be easily veriﬁed that in the absence of micropolar, microstretch and electric eﬀects i.e.
when K = a0 = k0 = k1 = k2 = v
E = 0, we obtain V2 = (k + 2l)/q, as the only non-zero root of Eq. (18), which
is the well-known velocity of longitudinal wave of classical elasticity.
Parﬁtt and Eringen (1969) have proved that equations Eqs. (13) and (14) represent two sets of coupled
transverse waves propagating with velocities given byV 23;4 ¼
1
2ð1 XÞ e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2  4c24ð1 XÞðc22 þ c23Þ
q 
; ð22Þwhere e ¼ c24 þ c22ð1 XÞ þ c23ð1 X=2Þ. They have also proved that Eq. (15) represents a longitudinal micro-
rotational wave propagating with velocity given byV 25 ¼ c24 þ c25 þ
2x20
k2
:Hence, it is seen that there exist ﬁve basic waves propagating in an inﬁnite electro-microelastic solid medium.
Two of them are coupled longitudinal waves that are inﬂuenced by the electric eﬀect, two are coupled trans-
verse waves, and the remaining wave is an independent longitudinal micro-rotational wave.
4. Reﬂection and transmission
4.1. Incident coupled longitudinal wave
Here, we shall discuss the reﬂection and transmission phenomena of coupled longitudinal wave at a plane
interface between two diﬀerent electro-microelastic solid half-spaces in perfect contact. Let the x-axis be taken
along the interface and z-axis is taken to be along the direction pointing vertically downward. We take the
lower half-space as medium M[Z > 0] and denote the elastic constants and density in this medium by k, l,
K, c, a0, k0, k2, v
E and q, while the upper half-space as mediumM 0[Z < 0] and the corresponding elastic param-
eters therein are denoted by k 0, l 0, K 0, c 0, a00, k
0
0, k
0
2, v
0E and q 0. The complete geometry of the problem is shown
in Fig. 1. The problem is two-dimensional in xz-plane, so we can takeu ¼ ðu1; 0; u3Þ; U ¼ ð0;/2; 0Þ;
o
oy
 0: ð23Þ
M/: [λ/, μ/, K/, α/, β/, γ/,
α/0, λ/0, χE/, λ/2, ρ/]
M: [λ,μ, K, α, β, γ,
α0, λ0, χE, λ2,ρ]
Incident Wave  
A0
(A2, 2)
(A3, 3)
(A4, 4)
(A/1, /1)
(A/2, /2)
x
z
(A/3, /3)
(A/4, /4)
0
(A1, 1)
O
Fig. 1. The geometry of the problem.
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oU 2
oz
; u3 ¼ oqoz þ
oU 2
ox
; /2 ¼
oP3
ox
 oP1
oz
;where U2 is the y-component of U, P1 and P3 are respectively the x- and z-components of P.
Let a coupled longitudinal wave of amplitude A0 propagating with velocity V1 through the lower half-space
M becomes incident at the interface making an angle h0 with the z-axis. We postulate the following reﬂected
and transmitted waves to satisfy the boundary conditions at the interface:
Reﬂected waves: (i) Two sets of coupled longitudinal waves of amplitudes A1,2 propagating with velocities
V1,2 in medium M and making angles h1,2 with the normal. The expressions of velocities V1,2 are deﬁned
earlier.
(ii) Two sets of coupled transverse waves of amplitudes A3,4 propagating with velocities V3,4 in medium M
and making angles h3,4 with the normal. The expressions of velocities V3,4 are deﬁned earlier.
Transmitted waves: (i) Two sets of coupled longitudinal waves of amplitudes A01;2 propagating with velocities
V 01;2 in medium M
0 and making angles h01;2 with the normal.
(ii) Two sets of coupled transverse waves of amplitudes A03;4 propagating with velocities V
0
3;4 in medium M
0
and making angles h03;4 with the normal.
The expressions of velocities V 01;2 and V
0
3;4 are similar to the expressions of velocities V1,2 and V3,4 respec-
tively, with appropriate dashes.
The potentials of various reﬂected and transmitted waves in the half-spaces M and M 0 are given byq ¼ A0 expfik1ðsin h0x cos h0zÞ  ix1tg þ
X
p¼1;2
Ap expfikpðsin hpxþ cos hpzÞ  ixptg; ð24Þ
w ¼ f1A0 expfik1ðsin h0x cos h0zÞ  ix1tg þ
X
p¼1;2
fpAp expfikpðsin hpxþ cos hpzÞ  ixptg; ð25Þ
U 2 ¼
X
p¼3;4
Ap expfikpðsin hpxþ cos hpzÞ  ixptg; ð26Þ
/2 ¼
X
p¼3;4
gpAp expfikpðsin hpxþ cos hpzÞ  ixptg; ð27Þ
3778 A. Khurana, S.K. Tomar / International Journal of Solids and Structures 44 (2007) 3773–3795q0 ¼
X
p¼1;2
A0p expfik0pðsin h0px cos h0pzÞ  ix0ptg; ð28Þ
w0 ¼
X
p¼1;2
f0pA
0
p expfik0pðsin h0px cos h0pzÞ  ix0ptg; ð29Þ
U 02 ¼
X
p¼3;4
A0p expfik0pðsin h0px cos h0pzÞ  ix0ptg; ð30Þ
/02 ¼
X
p¼3;4
g0pA
0
p expfik0pðsin h0px cos h0pzÞ  ix0ptg; ð31Þwhere i = (1)1/2, xp = kpVp and x0p ¼ k0pV 0p are well-known relations, f1,2 are coupling parameters between q
and w, and g3,4 are coupling parameters between U2 and /2. The expressions of fi are determined earlier
through Eq. (20) can be rewritten asf1;2 ¼
x2
k0
c21 þ c23
V 21;2
 1
" #
;and the expressions of gi are determined by applying curl operator in Eq. (14) and then inserting Eqs. (26) and
(27) appropriately. Their expressions are given byg3;4 ¼ x20 V 23;4 
2x20
k23;4
 c24
" #1
:The f01;2 and g
0
3;4 are the coupling parameters between q
0 and w 0 and between U 02 and /
0
2 respectively. The
expressions of f01;2 and g
0
3;4 are similar to the expressions f1,2 and g3,4 and can be written by putting appropriate
dashes.
Using equations from (10) into Eqs. (1)–(4), the requisite components of displacement, microrotation, stress
and microstretch are given bytzz ¼ ðkþ 2lþ KÞq;zz þ ð2lþ KÞU 2;xz þ kq;xx þ k0w;
tzx ¼ ð2lþ KÞq;xz  ðlþ KÞU 2;zz þ lU 2;xx  K/2;
mzy ¼ c/2;z; mz ¼ a0 
k22
1þ vE
	 

w;z;
u1 ¼ q;x  U 2;z; u3 ¼ q;z þ U 2;x:
ð32ÞSimilar expressions can be written for t0zz, t
0
zx, m
0
zy , m
0
z, u
0
1 and u
0
3 with appropriate dashes e.g. m
0
zy ¼ c0/02;z and
u01 ¼ q0;x  U 02;z, etc. The comma in the subscripts denotes the spatial derivative.
The appropriate mechanical boundary conditions at the interface between two diﬀerent electro-microelastic
solid half-spaces are: (i) continuity of stresses, (ii) continuity of microstretch, (iii) continuity of displacement
and microrotation. Mathematically, these boundary conditions can be written as: At the interface z = 0tzz ¼ t0zz; tzx ¼ t0zx; mzy ¼ m0zy ; mz ¼ m0z;
u1 ¼ u01; u3 ¼ u03; /2 ¼ /02; w ¼ w0:
ð33ÞOwing to Eqs. (24)–(31), the boundary conditions given above in Eq. (33) are identically satisﬁed if and only if
ki sin hi ¼ k0i sin h0i and xi ¼ x0i, we obtain
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k21
" #
k21A0 þ
X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp

X
p¼1;2
k0 þ ð2l0 þ K 0Þ cos2 h0p 
k00f
0
p
k02p
" #
k02p A
0
p þ ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp
þ ð2l0 þ K 0Þ
X
p¼3;4
sin h0p cos h
0
pk
02
p A
0
p ¼ 0; ð34Þð2lþ KÞ sin h0 cos h0k21A0 
X
p¼1;2
ð2lþ KÞ sin hp cos hpk2pAp þ ð2l0 þ K 0Þ sin h0p cos h0pk02p A0p
h i
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp  l0 cos 2h0p þ K 0 cos2 h0p 
K 0g0p
k02p
" #
k02p A
0
p
" #
¼ 0; ð35ÞX
p¼3;4
cgp cos hpkpAp þ c0g0p cos h0pk0pA0p
h i
¼ 0; ð36Þa0  k
2
2
1þ vE
	 

f1 cos h0k1A0 
X
p¼1;2
fp cos hpkpAp
" #
 a00 
k022
1þ v0E
	 
X
p¼1;2
f0p cos h
0
pk
0
pA
0
p ¼ 0; ð37Þsin h0k1A0 þ
X
p¼1;2
sin hpkpAp  sin h0pk0pA0p
h i

X
p¼3;4
cos hpkpAp þ cos h0pk0pA0p
h i
¼ 0; ð38Þcos h0k1A0 
X
p¼1;2
cos hpkpAp þ cos h0pk0pA0p
h i

X
p¼3;4
sin hpkpAp  sin h0pk0pA0p
h i
¼ 0; ð39ÞX
p¼3;4
gpAp  g0pA0p
h i
¼ 0; ð40Þf1A0 þ
X
p¼1;2
fpAp  f0pA0p
h i
¼ 0: ð41ÞEqs. (34)–(41) enable us to provide the amplitude ratios of various reﬂected and transmitted waves. These
equations can be written in matrix form as½aij½Z ¼ ½M ; ð42Þwhere [aij] is a 8 · 8 matrix, [Z] = [Z1, Z2, Z3, Z4, Z5, Z6, Z7, Z8]t is a column matrix, here ‘t’ in the superscript
represents the transpose of the matrix and Zr ¼ ArA0(r = 1,2,3,4) are the reﬂection coeﬃcients, while Zðrþ4Þ ¼
A0r
A0
are the transmission coeﬃcients for incident coupled longitudinal wave traveling with velocity V1. The non-
zero entries of the matrix [aij] together with the column matrix [M] are given in Appendix A.
Next, we shall discuss the partitioning of incident energy between various reﬂected and transmitted waves
at the interface z = 0. The rate of energy transmission per unit area denoted by P* is given byP  ¼ tzz _u3 þ tzx _u1 þ mzy _/2 þ mz _w; ð43Þwhere superposed dot represents the time derivative.
The expressions of energy ratios Ei (i = 1,2, . . . , 8) are given by
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E2 ¼ Z22P 1 kþ 2lþ K 
k0f2
k22
 a0f
2
2
k22
þ k
2
2f
2
2
ð1þ vEÞk22
" #
k32 cos h2;
E3;4 ¼ Z23;4P 1 lþ K 
g3;4
k23;4
ðcg3;4 þ KÞ
" #
k33;4 cos h3;4;
E5;6 ¼ Z25;6P 1 k0 þ 2l0 þ K 0 
k00f
0
1;2
k021;2
 a
0
0f
02
1;2
k021;2
þ k
02
2 f
02
1;2
ð1þ v0EÞk021;2
" #
k031;2 cos h
0
1;2;
E7;8 ¼ Z27;8P 1 l0 þ K 0 
g03;4
k023;4
ðc0g03;4 þ K 0Þ
" #
k033;4 cos h
0
3;4;
where P 1 ¼ kþ 2lþ K  k0f1
k21
 a0f
2
1
k21
þ k
2
2f
2
1
ð1þ vEÞk21
 !
k31 cos h0
" #1
:Each energy ratio Ei gives the rate of energy transmission at the interface for the respective reﬂected and trans-
mitted wave to the rate of energy transmission for the incident coupled longitudinal wave propagating with
velocity V1.
4.2. Incident coupled transverse wave
We shall now study the reﬂection and transmission at an interface between two diﬀerent electro-microelas-
tic solid half-spaces in perfect contact when a coupled transverse wave propagating with velocity V3 having
amplitude A0 is incident at an angle h0 with the normal. The geometry of the problem and the set of reﬂected
and transmitted waves will remain same as considered in the previous case of incident coupled longitudinal
wave. Also, the boundary conditions will be the same as given in Eq. (33). In the present formulation, the
potentials in lower half-space M are given byU 2 ¼ A0 exp ik3ðsin h0x cos h0zÞ  ix3tf g þ
X
p¼3;4
Ap expfikp sin hpxþ cos hpz
  ixptg; ð44Þ
/2 ¼ g3A0 exp ik3ðsin h0x cos h0zÞ  ix3tf g þ
X
p¼3;4
gpAp expfikp sin hpxþ cos hpz
  ixptg; ð45Þ
q ¼
X
p¼1;2
Ap exp ikp sin hpxþ cos hpz
  ixpt ; ð46Þ
w ¼
X
p¼1;2
fpAp exp ikp sin hpxþ cos hpz
  ixpt ; ð47Þand the potentials in the upper half-space M 0 are given by:q0 ¼
X
p¼1;2
A0p expfik0pðsin h0px cos h0pzÞ  ix0ptg; ð48Þ
w0 ¼
X
p¼1;2
f0pA
0
p expfik0pðsin h0px cos h0pzÞ  ix0ptg; ð49Þ
U 02 ¼
X
p¼3;4
A0p expfik0pðsin h0px cos h0pzÞ  ix0ptg; ð50Þ
/02 ¼
X
p¼3;4
g0pA
0
p expfik0pðsin h0px cos h0pzÞ  ix0ptg: ð51ÞInserting the above potentials into the boundary conditions given in Eq. (33), we see that the boundary con-
ditions are satisﬁed if
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X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp
þ
X
p¼1;2
k0 þ ð2l0 þ K 0Þ cos2 h0p 
k00f
0
p
k02p
" #
k02p A
0
p  ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp
 ð2l0 þ K 0Þ
X
p¼3;4
sin h0p cos h
0
pk
02
p A
0
p ¼ 0; ð52Þl cos 2h0 þ K cos2 h0  Kg3
k23
" #
k23A0  ð2lþ KÞ
X
p¼1;2
sin hp cos hpk
2
pAp
 ð2l0 þ K 0Þ
X
p¼1;2
sin h0p cos h
0
pk
02
p A
0
p þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp

X
p¼3;4
l0 cos 2h0p þ K 0 cos2 h0p 
K 0g0p
k02p
" #
k02p A
0
p ¼ 0; ð53Þcg3 cos h0k3A0 
X
p¼3;4
cgp cos hpkpAp þ c0g0p cos h0pk0pA0p
h i
¼ 0; ð54ÞX
p¼1;2
a0  k
2
2
1þ vE
	 

fp cos hpkpAp þ a00 
k022
1þ v0E
	 

f0p cos h
0
pk
0
pA
0
p
 
¼ 0; ð55Þcos h0k3A0 þ
X
p¼1;2
sin hpkpAp  sin h0pk0pA0p
h i

X
p¼3;4
cos hpkpAp þ cos h0pk0pA0p
h i
¼ 0; ð56Þsin h0k3A0 þ
X
p¼1;2
cos hpkpAp þ cos h0pk0pA0p
h i
þ
X
p¼3;4
sin hpkpAp  sin h0pk0pA0p
h i
¼ 0; ð57Þg3A0 þ
X
p¼3;4
gpAp  g0pA0p
h i
¼ 0; ð58ÞX
p¼1;2
fpAp  f0pA0p
h i
¼ 0: ð59ÞThe system of Eqs. (52)–(59) can be written in matrix form as½bij½Z 0 ¼ ½N ; ð60Þwhere [bij] is a 8 · 8 matrix, ½Z 0 ¼ ½Z 01; Z 02; Z 03; Z 04; Z 05; Z 06; Z 07; Z 08t is a column matrix, Z 0r ¼ Ar=A0 and
Z 0ðrþ4Þ ¼ A0r=A0 (r = 1,2,3,4) deﬁned earlier are now the reﬂection and transmission coeﬃcients respectively,
when coupled transverse wave traveling with velocity V3 is made incident. The non-vanishing elements of coef-
ﬁcient matrix [bij] and the column matrix [N] are given in Appendix B. Thus, Eq. (60) will enable us to provide
the expressions of reﬂection and transmission coeﬃcients in the present case.
Expressions for energy ratios Ei (i = 1,2,3, . . . , 8) of various reﬂected and transmitted waves in this case,
are given by
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k0f1;2
k21;2
 a0f
2
1;2
k21;2
þ k
2
2f
2
1;2
ð1þ vEÞk21;2
" #
k31;2 cos h1;2;
E3 ¼ Z 023 ;
E4 ¼ Z 024 P 2 lþ K 
g4
k24
ðcg4 þ KÞ
" #
k34 cos h4;
E5;6 ¼ Z 025;6P 2 k0 þ 2l0 þ K 0 
k00f
0
1;2
k021;2
 a
0
0f
02
1;2
k021;2
þ k
02
2 f
02
1;2
ð1þ v0EÞk021;2
" #
k031;2 cos h
0
1;2;
E7;8 ¼ Z 027;8P 2 l0 þ K 0 
g03;4
k023;4
c0g03;4 þ K 0
 " #
k033;4 cos h
0
3;4;
where P 2 ¼ lþ K  g3
k23
ðcg3 þ KÞ
 !
k33 cos h0
" #1
:Here, each energy ratio Ei gives the rate of energy transmitted at the interface for the respective reﬂected and
transmitted wave to the rate of energy transmitted for the incident coupled transverse wave propagating with
velocity V3.
5. Limiting cases
(i) If we assume that both the half-spaces are free from the electric and microstretch eﬀects, then we shall be
left with the relevant problem in micropolar elastic solid half-spaces. In this case, the wave propagating with
velocity V2 would not appear in the medium M. Similarly, the wave propagating with velocity V
0
2 would not
appear in the medium M 0. Therefore, A2 ¼ A02 ¼ 0. Thus, we note that the boundary Eqs. (37) and (41) are
identically satisﬁed and the remaining Eqs. (34)–(36), (38)–(40) reduce to½kþ ð2lþ KÞ cos2 h0k21A0 þ kþ ð2lþ KÞ cos2 h1
 
k21A1  k0 þ ð2l0 þ K 0Þ cos2 h01
 
k01
2A01
þ
X
p¼3;4
ð2lþ KÞ sin hp cos hpk2pAp þ ð2l0 þ K 0Þ sin h0p cos h0pk02p A0p
h i
¼ 0; ð61Þ
ð2lþ KÞ sin h0 cos h0k21A0  ð2lþ KÞ sin h1 cos h1k21A1  ð2l0 þ K 0Þ sin h01 cos h01k012A01
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp  l0 cos 2h0p þ K 0 cos2 h0p 
K 0g0p
k02p
" #
k02p A
0
p
" #
¼ 0; ð62Þ
X
p¼3;4
cgp cos hpkpAp þ c0g0p cos h0pk0pA0p
h i
¼ 0; ð63Þ
sin h0k1A0 þ sin h1k1A1  sin h01k01A01 
X
p¼3;4
cos hpkpAp þ cos h0pk0pA0p
h i
¼ 0; ð64Þ
cos h0k1A0  cos h1k1A1  cos h01k01A01 
X
p¼3;4
sin hpkpAp  sin h0pk0pA0p
h i
¼ 0; ð65Þ
X
p¼3;4
gpAp  g0pA0p
h i
¼ 0: ð66ÞAfter converting the angle of incidence to the angle of emergence, one can verify that the above equations
exactly match with those obtained by Tomar and Gogna (1995b) for the case of coupled longitudinal wave
incident at the interface between two micropolar elastic solid half-spaces.
Similarly, when coupled transverse wave propagating through the mediumM with velocity V3 become inci-
dent at a plane interface between two electro-microelastic solid half-spaces, then in this limiting case, we see
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obtained by Tomar and Gogna (1995a) after converting the angle of incidence into the angle of emergence.
(ii) If we assume that both the half-spaces are free from electric eﬀect, then we will be left with the relevant
problem in linear homogeneous microstretch elastic half-spaces. In this limiting case, it can be seen that the
matrix Eq. (42) reduce tokþ ð2lþ KÞ cos2 h0  k0f1
k21
" #
k21A0 þ
X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp

X
p¼1;2
k0 þ ð2l0 þ K 0Þ cos2 h0p 
k00f
0
p
k02p
" #
k02p A
0
p þ ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp
þ ð2l0 þ K 0Þ
X
p¼3;4
sin h0p cos h
0
pk
02
p A
0
p ¼ 0; ð67Þ
ð2lþ KÞ sin h0 cos h0k21A0 
X
p¼1;2
ð2lþ KÞ sin hp cos hpk2pAp þ ð2l0 þ K 0Þ sin h0p cos h0pk02p A0p
h i
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp  l0 cos 2h0p þ K 0 cos2 h0p 
K 0g0p
k02p
" #
k02p A
0
p
" #
¼ 0; ð68Þ
X
p¼3;4
cgp cos hpkpAp þ c0g0p cos h0pk0pA0p
h i
¼ 0; ð69Þ
a0f1 cos h0k1A0 
X
p¼1;2
a0fp cos hpkpAp  a00f0p cos h0pk0pA0p
h i
¼ 0; ð70Þ
sin h0k1A0 þ
X
p¼1;2
sin hpkpAp  sin h0pk0pA0p
h i

X
p¼3;4
cos hpkpAp þ cos h0pk0pA0p
h i
¼ 0; ð71Þ
cos h0k1A0 
X
p¼1;2
cos hpkpAp þ cos h0pk0pA0p
h i

X
p¼3;4
sin hpkpAp  sin h0pk0pA0p
h i
¼ 0; ð72Þ
X
p¼3;4
gpAp  g0pA0p
h i
¼ 0; ð73Þ
f1A0 þ
X
p¼1;2
fpAp  f0pA0p
h i
¼ 0: ð74ÞThese equations exactlymatchwith the boundary equations obtained byTomar andGarg (2005) for the case of a
coupled longitudinal wave incident at an interface between two diﬀerent microstretch elastic solid half-spaces.
Similarly, when coupled transverse wave propagating with velocity V3 through the mediumM is incident at
an interface, and then making the substitutions as considered above into the matrix Eq. (60), we see that the
reduced equations exactly match with the boundary equations obtained by Tomar and Garg (2005) for the
case of a coupled transverse wave incident at an interface between two diﬀerent microstretch elastic solid
half-spaces.
(iii) To discuss the problem of reﬂection of coupled longitudinal wave from free plane surface of an electro-
microelastic solid half-space, we shall assume that the medium M 0 is absent. Here, the boundary conditions
will be corresponding to vanishing of loads at the free boundary. Thus, putting the quantities having dashes
equal to zero into Eqs. (34)–(37), we obtain the following equations:kþ ð2lþ KÞ cos2 h0  k0f1
k21
" #
k21A0 þ
X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp
þ ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp ¼ 0; ð75Þ
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X
p¼1;2
sin hp cos hpk
2
pAp
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp ¼ 0; ð76Þ
cg3 cos h3k3A3 þ cg4 cos h4k4A4 ¼ 0; ð77Þ
a0  k
2
2
1þ vE
	 

f1 cos h0k1A0  a0 
k22
1þ vE
	 
X
p¼1;2
fp cos hpkpAp ¼ 0: ð78ÞSimilarly, when a coupled transverse wave propagating with velocity V3 is incident at the free plane surface of
an electro-microelastic solid half-space, then making the corresponding substitutions into the Eqs. (52)–(55),
we obtain the following equations:ð2lþ KÞ sin h0 cos h0k23A0 
X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp
 ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp ¼ 0; ð79Þ
l cos 2h0 þ K cos2 h0  Kg3
k23
" #
k23A0  ð2lþ KÞ
X
p¼1;2
sin hp cos hpk
2
pAp
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp ¼ 0; ð80Þ
cg3 cos h0k3A0  c
X
p¼3;4
gp cos hpkpAp ¼ 0; ð81Þ
a0  k
2
2
1þ vE
	 
X
p¼1;2
fp cos hpkpAp ¼ 0: ð82ÞThe formulae (75)–(78) and (79)–(82) yield the reﬂection coeﬃcients at a free plane boundary in the respective
case.
6. Numerical results and discussions
In order to examine this study in greater detail, we have computed the amplitude ratios and energy ratios of
various reﬂected and refracted waves for a particular model. Keeping in view the restrictions on constitutive
constants given earlier, we have taken the following values of the relevant parameters in medium M
k = 7.85 · 1011 dyne/cm2, l = 6.46 · 1011 dyne/cm2, K = 0.0139 · 1011 dyne/cm2,
a0 = 0.085 · 1011 dyne, k0 = 0.038 · 1011 dyne/cm2, k1 = 0.030 · 1011 dyne/cm2,
k22 ¼ 0:3364 1011 dyne, j = j0 = 0.0212 cm2, q = 1.9 g/cm3, c = 0.365 · 1011 dyne,
vE = 318, and the relevant values of the parameters in medium M 0
k 0 = 7.59 · 1011 dyne/cm2, l 0 = 1.89 · 1011 dyne/cm2, K 0 = 0.0149 · 1011 dyne/cm2,
a00 ¼ 0:095 1011 dyne, k00 ¼ 0:032 1011 dyne=cm2, k01 ¼ 0:030 1011 dyne=cm2, k022 ¼ 0:3364 1011 dyne,
j0 ¼ j00 ¼ 0:0196 cm2, q 0 = 2.2 g/cm3, c 0 = 0.345 · 1011 dyne, v0E ¼ 298, and x/x0 = 10.
In Fig. 2, we have plotted the modulus values of reﬂection coeﬃcients as a function of angle of incidence,
when coupled longitudinal wave becomes incident obliquely at the interface between the half-spaces M and
M 0. The reﬂection coeﬃcient Z1 begins with the value 0.1132 near the normal incidence, it decreases till
h0 = 35, and afterwards it increases very slowly till h0 = 50. Beyond h0 = 50, the reﬂection coeﬃcient Z1
decreases very smoothly till h0 = 61 and thereafter it increases frequently and attains the maximum value
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1 6 h0 6 28, then it increases sharply to attain its maximum value at h0 = 64, afterwards its value decreases
and approaches to zero at h0 = 90. The value of reﬂection coeﬃcient Z3 increases slowly with increase of
angle of incidence till h0 = 25, then its value decreases till h0 = 45. After h0 = 45, the reﬂection coeﬃcient
Z3 again increases rapidly with angle of incidence to attain its maximum value and thereafter it decreases and
vanishes at h0 = 90. The value of reﬂection coeﬃcient Z4 increases very slowly with increase in the angle of
incidence till h0 = 34 and then it decreases gradually to the value zero at grazing incidence. We found that the
reﬂection coeﬃcients Z2 and Z3 are very small as compared to Z1 in the entire range of angle of incidence.
Therefore, we have plotted each of them by magnifying 105 times their original values. At the grazing inci-
dence, all the reﬂected waves are found to disappear except the reﬂected coupled longitudinal wave propagat-
ing with speed V1.
In Fig. 3, we have shown the variation of modulus values of transmission coeﬃcients with the angle of inci-
dence of coupled longitudinal wave propagating with velocity V1. We observed that the amplitude ratios Z5
and Z6 of transmitted coupled longitudinal waves attain their maximum values at normal incidence and then
their values decrease gradually to zero at the grazing incidence. Both the amplitude ratios Z7 and Z8 increase
with increase in angle of incidence and attain their maximum values near h0 = 70. Thereafter, they decrease
and vanish at grazing incidence. However, the maximum value of Z8 is greater than the maximum value of Z7.
Also, it is noted that the modulus of transmission coeﬃcient Z5 corresponding to the transmitted coupled lon-
gitudinal wave propagating with velocity V 01 is contributing signiﬁcantly as compared to all other transmission
coeﬃcients which are very small. The variation of Z6 and Z7 with angle of incidence are plotted after magni-
fying their original values by the multiples of 103 and 105 respectively.
Figs. 4 and 5 depict the variation of energy ratios of reﬂected and transmitted waves respectively, with the
angle of incidence of coupled longitudinal wave propagating with velocity V1. It can be seen from Fig. 4 that
the energy carried by reﬂected coupled longitudinal wave propagating with velocity V1 is maximum in com-
parison to energy carried along with other reﬂected waves. In Fig. 5, we note that the transmitted coupled
longitudinal wave and transmitted coupled transverse wave propagating with velocities V 02 and V
0
3 respectively,
have minimum energy in comparison to other transmitted waves. It has been veriﬁed that
P8
i¼1Ei ¼ 1 at each
angle of incidence, showing that there is no dissipation of energy at the interface. In Fig. 5, the dotted lineFig. 2. Variation of modulus of reﬂection coeﬃcients with angle of incidence of coupled longitudinal wave propagating with velocity V1.
(Curve I: Z1, Curve II: Z2 · 105, Curve III: Z3 · 105, Curve IV: Z4).
Fig. 3. Variation of modulus of transmission coeﬃcients with angle of incidence of coupled longitudinal wave propagating with velocity
V1. (Curve I: Z5, Curve II: Z6 · 103, Curve III: Z7 · 105, Curve IV: Z8).
Fig. 4. Variation of energy ratios of reﬂected waves with angle of incidence of coupled longitudinal wave propagating with velocity V1.
(Curve I: E1, Curve II: E2 · 106, Curve III: E3 · 105, Curve IV: E4 · 10).
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between two micropolar elastic solid half-spaces.
Fig. 6 depicts the variation of reﬂection coeﬃcients with non-dimensional frequency (x/x0) when coupled
longitudinal wave traveling with speed V1 strikes the interface at 45 angle of incidence. We observed from this
ﬁgure that the reﬂection coeﬃcients Z2 and Z3 are inﬂuenced with frequency in the range 1.9 6 x/x0 6 4.5,
while for higher values of x/x0, these coeﬃcients are almost independent of x/x0 and bear diﬀerent constant
Fig. 5. Variation of energy ratios of transmitted waves with angle of incidence of coupled longitudinal wave propagating with velocity V1.
(Curve I: E5, Curve II: E6 · 103, Curve III: E7 · 105, Curve IV: E8).
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range. The pattern of reﬂection coeﬃcient Z2 is similar to that of Z3. Both these coeﬃcients decrease in the
inﬂuential range and approach to zero as x/x0 takes larger and larger values. We have plotted the reﬂection
coeﬃcients Z1, Z2, Z3 and Z4 by magnifying their original values by the factor of 10, 10
3, 103 and 10
respectively.Fig. 6. Variation of modulus of reﬂection coeﬃcients with frequency ratio (x/x0) when coupled longitudinal wave propagating with
velocity V1 is incident at an angle h0 = 45. (Curve I: Z1 · 10, Curve II: Z2 · 103, Curve III: Z3 · 103, Curve IV: Z4 · 10).
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tudinal wave traveling with velocity V1 strikes the interface at 45 angle of incidence. The transmission coef-
ﬁcients Z5 and Z6 exhibit reverse behaviour as x/x0 takes values greater than 1.8 (i.e. x/x0 > 1.8). The
transmission coeﬃcient Z7 decreases in the range 1.9 6 x/x0 6 4.0 and then becomes constant for higher val-
ues of x/x0. The transmission coeﬃcient Z8 remains almost constant in the entire range. The transmission
coeﬃcient Z7 is very small in comparison to other transmission coeﬃcients. We have plotted the transmission
coeﬃcient Z7 by magnifying its original value by the factor 10
3.
In Fig. 8, we have shown the variation of modulus values of reﬂection coeﬃcients versus angle of incidence
of coupled transverse wave propagating with velocity V3. We observed from this ﬁgure that the behaviour of
reﬂection coeﬃcients Z 01 and Z
0
2 are found to be almost similar. Both the reﬂection coeﬃcients begin with cer-
tain ﬁnite values, then their values increase with increase in angle of incidence till h0 = 26 and h0 = 31 respec-
tively, thereafter they decrease till h0 = 47 and h0 = 58, respectively, after that both the reﬂection coeﬃcients
increase sharply. The reﬂection coeﬃcient Z 03 begins with its minimum value at 1 angle of incidence then it
increases with increase in the angle of incidence and achieves its maximum value 0.1183 at 66 angle of inci-
dence. The behaviour of reﬂection coeﬃcient Z 04 is found to be monotonically decreasing in the range
1 6 h0 6 35, approaches to zero at h0 = 35 and then it increases afterwards.
Fig. 9 shows the variation of modulus of amplitude ratios corresponding to transmitted waves with angle of
incidence of coupled transverse wave propagating with speed V3. It can be seen that the transmission coeﬃ-
cients Z 05 and Z
0
6 have similar pattern in the entire range. Both the transmission coeﬃcients increase with
increase in the angle of incidence. The value of reﬂection coeﬃcient Z 07 corresponding to the transmitted cou-
pled transverse wave propagating with velocity V 03 is found to be dominant among all other transmitted waves.
The transmission coeﬃcient Z 06 is very small and so, we have plotted it by magnifying its original value with the
factor of 103. The transmission coeﬃcient Z 08 begins with its maximum value at 1 angle of incidence and then
decreases till h0 = 64 and afterwards it increases slightly.
Figs. 10 and 11 depict the variation of modulus of energy ratios of reﬂected and transmitted waves respec-
tively, against the angle of incidence of coupled transverse wave propagating with velocity V3. It can be seen
from these ﬁgures that maximum amount of energy of incident coupled transverse wave is being carried by
transmitted coupled transverse wave traveling with velocity V 03, and only a small amount of energy is beingFig. 7. Variation of modulus of transmission coeﬃcients with frequency ratio (x/x0) when coupled longitudinal wave propagating with
velocity V1 is incident at an angle h0 = 45. (Curve I: Z5, Curve II: Z6, Curve III: Z7 · 103, Curve IV: Z8).
Fig. 8. Variation of modulus of reﬂection coeﬃcients with angle of incidence of coupled transverse wave propagating with velocity V3.
(Curve I: Z 01, Curve II: Z
0
2  105, Curve III: Z30, Curve IV: Z 04).
Fig. 9. Variation of modulus of transmission coeﬃcients with angle of incidence of coupled transverse wave propagating with velocity V3.
(Curve I: Z 05, Curve – II: Z
0
6  103, Curve III: Z 07, Curve IV: Z 08).
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P8
i¼1Ei ¼ 1 at
each angle of incidence in the range 0 < h0 6 66.
In Fig. 12, we have shown the variation of modulus of reﬂection coeﬃcients with frequency ratio (x/x0)
when coupled transverse wave propagating with velocity V3 is incident at h0 = 45. It can be seen that the
reﬂection coeﬃcient Z 01 starts with some non-zero value at x/x0 = 1.5 and then increases to attain its maxi-
mum value at x/x0 = 2.2, beyond which it decreases smoothly. Here, the reﬂection coeﬃcient Z
0
2 is monoton-
ically decreasing in nature, while the reﬂection coeﬃcient Z 03 possesses reverse behaviour to it, in the entire
range. The reﬂection coeﬃcient Z 04 decreases in the range 1.5 6 x/x0 6 2, and then it increases very frequently.
Fig. 10. Variation of energy ratios of reﬂected waves with angle of incidence of coupled transverse wave propagating with velocity V3.
(Curve I: E1 · 106, Curve II: E2 · 1011, Curve III: E3 · 10, Curve IV: E4 · 106).
Fig. 11. Variation of energy ratios of transmitted waves with angle of incidence of coupled transverse wave propagating with velocity V3.
(Curve I: E5 · 105, Curve II: E6 · 108, Curve III: E7, Curve IV: E8 · 105).
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transverse wave traveling with velocity V3 is incident at an angle h0 = 45. We observed from this ﬁgure that
the value of transmission coeﬃcient Z 05 increases with increase in the frequency ratio (x/x0). The transmission
coeﬃcient Z 06 begins with some non-zero value and it increases sharply in the range 1.5 6 x/x0 6 2.3, then it
decreases gradually with x/x0. The transmission coeﬃcients Z
0
7 and Z
0
8 exhibit reverse behaviour to each other
Fig. 12. Variation of modulus of reﬂection coeﬃcients with frequency ratio (x/x0) when coupled transverse wave propagating with
velocity V3 is incident at an angle h0 = 45. (Curve I: Z 01, Curve II: Z
0
2, Curve III: Z
0
3, Curve IV: Z
0
4).
Fig. 13. Variation of modulus of transmission coeﬃcients with frequency ratio (x/x0) when coupled transverse wave propagating with
velocity V3 is incident at an angle h0 = 45. (Curve I: Z 05, Curve II: Z
0
6  10, Curve III: Z 07, Curve IV: Z 08  10).
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0
6 and Z
0
8 are small in comparison
to the value of transmission coeﬃcient Z 07. We have plotted Z
0
6 and Z
0
8 after magnifying its original value 10
times.
Parﬁtt and Eringen (1969) have shown that in an inﬁnite micropolar elastic medium there exist four basic
waves: an independent longitudinal displacement wave, an independent longitudinal micro-rotational wave,
and two sets of coupled transverse waves. In this paper, we have discussed the propagation of plane waves in
3792 A. Khurana, S.K. Tomar / International Journal of Solids and Structures 44 (2007) 3773–3795an inﬁnite electro-microelastic solidmedium. Electro-microelastic medium is amicrostretchmaterial under elec-
tric interactions. We found that in an inﬁnite electro-microelastic medium, there exist two sets of coupled longi-
tudinal wave, an independent longitudinal micro-rotational wave, and two sets of coupled transverse waves.
Each set of coupled longitudinal wave consists of a longitudinal displacement wave and a longitudinal micro-
stretch wave, inﬂuenced by the electric eﬀect. The remaining waves in the electro-microelastic solid are the same
waves as found in micropolar elasticity. In fact, in the absence of microstretch and electric eﬀects, the two sets of
coupled longitudinal waves reduce to a longitudinal displacement wave of micropolar elasticity. Reﬂection and
refraction phenomena of elastic waves at a plane interface between two diﬀerent electro-microelastic solid half-
spaces have been investigated. By neglecting the electric andmicrostretch eﬀects from twodiﬀerent electro-micro-
elastic solid half-spaces in perfect contact, the problem of reﬂection and refraction of elastic waves at a plane
interface between two diﬀerent micropolar elastic solid half-spaces is recovered. The two sets of reﬂected and
refracted coupled transverse waves are not inﬂuenced by microstretch and electric properties. These waves are
common at electro-microelastic/electro-microelastic interface (say I1) and micropolar/micropolar interface
(say I2). There appear two new waves (a reﬂected coupled longitudinal wave propagating at speed V2 and a
refracted coupled longitudinal wave propagating at speed V 02) during reﬂection and refraction of elastic waves
at interface I1, not observed in the case of interface I2. However, the amplitude ratios of these newwaves are very
small in comparison to other reﬂected and refracted waves. The variation of amplitude ratios corresponding to
common reﬂected and refracted waves with angle of incidence at a ﬁxed frequency are found to be similar, when
looked in case of incidence of a coupled longitudinal wave, and in case of incidence of a coupled transverse wave
separately. Interestingly, the variation of amplitude ratios with angle of incidence corresponding to the reﬂected
and refracted coupled longitudinal waves propagating at speedsV1 and V
0
1 respectively, are found to be the same
at the interface I1 as that of reﬂected and refracted longitudinal displacement waves at the interface I2. Now the
question arises: When there is no signiﬁcant diﬀerence in the amplitude ratios of common reﬂected and refracted
waves, and also twomore amplitude ratios corresponding to the new reﬂected and refracted waves are appearing
at the interface I1 that are not appearing at the interface I2, then howdoes the energy relation balances at the inter-
face I1 and I2? The answer to this question is:Wehave then computed the energies of various reﬂected and refract-
edwaves at the interface I1 as well as at the interface I2.We found that (i) there is a signiﬁcant eﬀect of electric and
microstretch properties on the energy ratio of refracted longitudinal displacement wave and (ii) the energies car-
ried by the new reﬂected and refractedwaves are very small (of order of 106 and 103 respectively), when coupled
longitudinal wave is made incident at the interface I1. It is seen that the microstretch and electric eﬀects lower
down the energy of refracted longitudinal displacement wave. This diﬀerence is being covered by the energies
of newwaves. This is how the balance of energy relation could be satisﬁed. Further, it is also to be noted thatwhen
coupled transverse wave is made incident at the interfaces I1 and I2 there is no signiﬁcant eﬀect of electric and
microstretch properties is noticed neither on the amplitude ratios nor on the energy ratios of various reﬂected
and refracted waves. In this case, the energy carried by the new reﬂected and refracted waves are very very small
(of order of 1011 and 108 respectively) and consequently, the new waves have not created any problem in sat-
isfying the energy balance relation.
7. Conclusions
In this paper, we have presented the wave propagation in an inﬁnite electro-microelastic solid medium. It
has been found that there exist ﬁve plane waves propagating with ﬁve distinct phase velocities namely, two
coupled longitudinal waves, which are inﬂuenced by the electric eﬀect, two coupled transverse waves, and
an independent longitudinal micro-rotational wave. Reﬂection and transmission phenomena of plane waves
at a plane interface between two diﬀerent electro-microelastic solid half-spaces in perfect contact are also
investigated. We conclude that
(i) When coupled longitudinal (transverse) wave is incident normally, the reﬂection and transmission of
only coupled longitudinal (transverse) waves take place.
(ii) At grazing incidence of coupled longitudinal wave, no reﬂection and transmission of waves take place
and the same wave propagates along the interface.
(iii) The angle h0 = 67 is found to be the critical angle when coupled transverse wave is incident.
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The non-zero entries of the matrix [aij] of Eq. (42) are given as,a11 ¼1; a12 ¼ kþ ð2lþ KÞð1 v221 sin2 h0Þ 
k0f2
k22
" #,
ðD1v221Þ;
a1p ¼D2sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2p1 sin2 h0
q 
ðD1vp1Þ;
a15 ¼ k0 þ ð2l0 þ K 0Þð1 v0211 sin2 h0Þ 
k00f
0
1
k021
" #,
ðD1v0211Þ;
a16 ¼ k0 þ ð2l0 þ K 0Þð1 v0221 sin2 h0Þ 
k00f
0
2
k022
" #,
ðD1v0221Þ;
a1i ¼D02sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 0i12 sin2 h0
q 
ðD1V 0i1Þ; a21 ¼ sin h0 cos h0;
a22 ¼sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v221 sin2 h0
q 
v21;
a23 ¼ lð1 2v231 sin2 h0Þ þ Kð1 v231 sin2 h0Þ 
Kg3
k23
" #,
ðD2v231Þ;
a24 ¼ lð1 2v241 sin2 h0Þ þ Kð1 v241 sin2 h0Þ 
Kg4
k24
" #,
ðD2v241Þ;
a2j ¼D02 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 0j12 sin2 h0
q 
ðD2V 0j1Þ;
a27 ¼ l0ð1 2v0231 sin2 h0Þ þ K 0ð1 v0231 sin2 h0Þ 
K 0g03
k023
" #,
ðD2v0231Þ;
a28 ¼ l0ð1 2v0241 sin2 h0Þ þ K 0ð1 v0241 sin2 h0Þ 
K 0g04
k024
" #,
ðD2v0241Þ;
a33 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v231 sin2 h0
q 
v31; a34 ¼ g4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v241 sin2 h0
q 
ðg3v41Þ;
a37 ¼c0g03
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v0231 sin2 h0
q 
ðcg3v031Þ; a38 ¼ c0g04
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v0241 sin2 h0
q 
ðcg3v041Þ;
a41 ¼ cos h0; a42 ¼ f2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v221 sin2 h0
q 
ðf1v21Þ;
a45 ¼ a00 
k022
1þ v0E
	 

f01
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v0211 sin2 h0
q 
a0  k
2
2
1þ vE
	 

v011f1
	 

;
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k022
1þ v0E
	 

f02
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v0221 sin2 h0
q 
a0  k
2
2
1þ vE
	 

v021f1
	 

;
a51 ¼a52 ¼ sin h0; a5p ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2p1 sin2 h0
q 
vp1; a5j ¼  sin h0;
a5i ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 02i1 sin2 h0
q 
V 0i1; a61 ¼ cos h0; a62 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v221 sin2 h0
q 
v21;
a6p ¼sin h0; a6j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 02j1 sin2 h0
q 
V 0j1; a6i ¼  sin h0; a73 ¼ 1;
a74 ¼g4=g3; a77 ¼ g03=g3; a78 ¼ g04=g3; a81 ¼ 1; a82 ¼ f2=f1;
a85 ¼ f01=f1; a86 ¼ f02=f1; p ¼ 3; 4; j ¼ 5; 6; i ¼ 7; 8; where
D1 ¼ kþ ð2lþ KÞ cos2 h0  k0f1
k21
" #
; D2 ¼ 2lþ K; vm1 ¼ V mV 1 ðm ¼ 2; 3; 4Þ;
v0n1 ¼
V 0n
V 1
ðn ¼ 1; 2; 3; 4Þ; V 051 ¼ v011; V 061 ¼ v021; V 071 ¼ v031; V 081 ¼ v041;and the column matrix [M]=[1, sinh0cosh0, 0, cosh0,sinh0, cosh0, 0, 1]t.Appendix B
The non-zero entries of matrix [bij] in Eq. (60) are given byb11 ¼ kþ ð2lþ KÞð1 v213 sin2 h0Þ 
k0f1
k21
" #,
ðD2v213Þ;
b12 ¼ kþ ð2lþ KÞð1 v223 sin2 h0Þ 
k0f2
k22
" #,
ðD2v223Þ;
b13 ¼sin h0 cos h0; b14 ¼ sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v243 sin2 h0
q 
v43;
b15 ¼ k0 þ ð2l0 þ K 0Þð1 v0213 sin2 h0Þ 
k00f
0
1
k021
" #,
ðD2v0213Þ;
b16 ¼ k0 þ ð2l0 þ K 0Þð1 v0223 sin2 h0Þ 
k00f
0
2
k022
" #,
ðD2v0223Þ;
b1i ¼D02 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 02i3 sin2 h0
q 
ðV 0i3D2Þ;
b21 ¼D2 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v213 sin2 h0
q 
ðD3v13Þ;
b22 ¼D2 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v223 sin2 h0
q 
ðD3v23Þ; b23 ¼ 1;
b24 ¼ lð1 2v243 sin2 h0Þ þ K 1 v243 sin2 h0
  Kg4
k24
#" ,
D3v243
 
;
b2j ¼D02 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 02j3 sin2 h0
q 
ðV 0j3D3Þ
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 þ K 0 1 v0233 sin2 h0  K 0g03k023
" #,
ðD3v0233Þ;
b28 ¼ l0 1 2v0243 sin2 h0
 þ K 0 1 v0243 sin2 h0  K 0g04k024
" #,
ðD3v0243Þ;
b33 ¼ cos h0; b34 ¼ g4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v243 sin2 h0
q 
ðg3v43Þ;
b37 ¼c0g03
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v0233 sin2 h0
q 
ðcg3v033Þ; b38 ¼ c0g04
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v0243 sin2 h0
q 
ðcg3v043Þ;
b41 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v213 sin2 h0
q 
v13; b42 ¼ f2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v223 sin2 h0
q 
ðf1v23Þ;
b45 ¼ a00 
k022
1þ v0E
	 

f01
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v0213 sin2 h0
q 
a0  k
2
2
1þ vE
	 

v013f1
	 

;
b46 ¼ a00 
k022
1þ v0E
	 

f02
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v0223 sin2 h0
q 
a0  k
2
2
1þ vE
	 

v023f1
	 

;
b51 ¼b52 ¼ sin h0; b53 ¼  cos h0; b54 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v243 sin2 h0
q 
v43; b5j ¼  sin h0;
b5i ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 02i3 sin2 h0
q 
V 0i3; b61 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v213 sin2 h0
q 
v13; b62 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v223 sin2 h0
q 
v23;
b6p ¼ sin h0; b6j ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 02j3 sin2 h0
q 
V 0j3; b6i ¼ sin h0; b73 ¼ 1; b74 ¼ g4=g3;
b77 ¼ g03=g3; b78 ¼ g04=g3; b81 ¼ 1; b82 ¼ f2=f1; b85 ¼ f01=f1; b86 ¼ f02=f1;
p ¼3; 4; j ¼ 5; 6; i ¼ 7; 8; where V 053 ¼ v013; V 063 ¼ v023; V 073 ¼ v033; V 083 ¼ v043;
vm3 ¼ V mV 3 ðm ¼ 1; 2; 4Þ; v
0
n3 ¼
V 0n
V 3
ðn ¼ 1; 2; 3; 4Þ; D3 ¼ l cos 2h0 þ K cos2 h0  Kg3
k23
" #
;and the column matrix [N] = [sinh0 cosh0, 1, cosh0, 0, cosh0, sinh0, 1, 0]t.
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